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A TRANSCENDENTAL APPROACH TO
INJECTIVITY THEOREM FOR LOG CANONICAL PAIRS
SHIN-ICHI MATSUMURA
Abstract. In this paper, we study transcendental aspects of the cohomology groups
of adjoint bundles of log canonical pairs, aiming to establish an analytic theory for log
canonical singularities. As a result, in the case of purely log terminal pairs, we give
an analytic proof of the injectivity theorem originally proved by the Hodge theory. Our
method is based on the theory of harmonic integrals and the L2-method for the ∂-equation,
and it enables us to generalize the injectivity theorem to the complex analytic setting.
1. Introduction
In the study of the vanishing theorem, analytic methods and algebraic geometric methods
have been nourishing each other in the last decades. The injectivity theorem is one of the
most important generalizations of the Kodaira vanishing theorem and plays an important
role when we study fundamental problems in higher dimensional algebraic geometry. We
recently obtained satisfactory injectivity theorems formulated by multiplier ideal sheaves
and their applications to vanishing theorems and extension problems of (holomorphic)
sections from the analytic viewpoint (see [FM16], [GM14], and [Mat13]). Our results can
be seen as an analytic theory of the injectivity theorem for kawamata log terminal (klt , for
short) singularities. The next interesting problem is the study of the injectivity theorem
for log canonical (lc, for short) singularities.
The following result is an injectivity theorem for lc pairs, whose proof heavily depends on
the Hodge theory (see [Amb03], [Amb14], [EV], [Fuj11, Section 6], [Fuj12b], and [Fuj13b]
for the Hodge theoretic viewpoint). It is one of the most important problems in complex
geometry to establish an analytic theory for lc singularities. In this paper, we study a
transcendental approach to the following result and lc singularities.
Theorem 1.1. Let D be a simple normal crossing divisor on a smooth projective variety
X and F be a semi-ample line bundle on X. Let s be a (holomorphic) section of a positive
multiple Fm such that the zero locus s−1(0) contains no lc centers of the lc pair (X,D).
Then, the multiplication map induced by the tensor product with s
Hq(X,KX ⊗D ⊗ F ) ⊗s−→ Hq(X,KX ⊗D ⊗ Fm+1)
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is injective for every q. Here KX denotes the canonical bundle of X.
Let D be a simple normal crossing divisor on a smooth variety X and let D =
∑
i∈I Di
be the irreducible decomposition of D. Then an irreducible component of Di1 ∩ · · · ∩Dik
is called an lc center of the pair (X,D). Note that we interchangeably use the words
“(Cartier) divisors”, “(holomorphic) line bundles”, and “invertible sheaves”.
The celebrated injectivity theorem proved by Kolla´r (see [Kol86a]) is the special case
of D = 0 of the above result, and thus the above result can be seen as a generalization
of Kolla´r’s injectivity theorem to lc pairs. On the other hand, Enoki gave an analytic
proof of Kolla´r’s injectivity theorem and generalized it to semi-positive line bundles on
compact Ka¨hler manifolds (see [Eno90]). Here a (holomorphic) line bundle F is said to be
semi-positive if F admits a smooth hermitian metric h such that the (Chern) curvature√−1Θh(F ) is a semi-positive (1, 1)-form. We remark that semi-ample line bundles are
always semi-positive, but the converse is not true. In summary, we have the following
diagram :
Kolla´r’s injectivity theorem{
assumption: semi-ample
method: Hodge theory
complex analytic setting

lc pairs //
Theorem 1.1{
assumption: semi-ample
method: Hodge theory
complex analytic setting
Enoki’s injectivity theorem{
assumption: semi-positive
method: harmonic integrals
lc pairs // Conjecture 1.2.
Therefore it is natural to ask whether we can give an analytic proof of Theorem 1.1
and generalize Theorem 1.1 to the complex analytic setting. In this paper, we study the
following conjecture posed in [Fuj15b]. By using higher direct image sheaves under projec-
tive (or Ka¨hler) morphisms, we can formulate a relative version of the injectivity theorem.
We have already obtained a relative version of Enoki’s injectivity theorem in [Take95] and
its generalization for klt singularities in [Mat16]. A relative version of Theorem 1.1 is one
of the important open problems on vanishing theorems in the minimal model program
(see [Fuj13a, Problem 1.8]). The following conjecture is a first step to consider [Fuj13a,
Problem 1.8] from the analytic viewpoint.
Conjecture 1.2 ([Fuj15b, Conjecture 2.21], cf. [Fuj13a, Problem 1.8]). Let D be a simple
normal crossing divisor on a compact Ka¨hler manifold X and F be a semi-positive line
bundle on X. Let s be a (holomorphic) section of a positive multiple Fm such that the zero
locus s−1(0) contains no lc centers of the lc pair (X,D). Then, the multiplication map
induced by the tensor product with s
Hq(X,KX ⊗D ⊗ F ) ⊗s−→ Hq(X,KX ⊗D ⊗ Fm+1)
is injective for every q.
3The following theorem, which is one of the main results of this paper, can be seen as a
generalization of Enoki’s result to purely log terminal (plt , for short) pairs. See [Ohs04]
and [Fuj12a] for the formulation of Theorem 1.3 and see [FM16] for applications of this
formulation. The proof of Theorem 1.3, which is based on the theory of harmonic integrals
and the L2-method, provides an analytic method to study lc singularities. As a corollary
of Theorem 1.3, we obtain a partial answer for Conjecture 1.2, which completely solves
Conjecture 1.2 in the case of plt pairs.
Theorem 1.3 (Main Theorem). Let D be a simple normal crossing divisor on a compact
Ka¨hler manifold X. Let F (resp. M) be a (holomorphic) line bundle on X with a smooth
hermitian metric hF (resp. hM) such that√−1ΘhM (M) ≥ 0 and
√−1(ΘhF (F )− tΘhM (M)) ≥ 0 for some t > 0.
We assume that the pair (X,D) is a plt pair (that is, Di ∩ Dj = ∅ for i 6= j for the
irreducible decomposition D =
∑
i∈I Di). Let s be a (holomorphic) section of M such that
the zero locus s−1(0) contains no lc centers of the lc pair (X,D). Then, the multiplication
map induced by the tensor product with s
Hq(X,KX ⊗D ⊗ F ) ⊗s−→ Hq(X,KX ⊗D ⊗ F ⊗M)
is injective for every q.
Corollary 1.4. Under the same situation as in Conjecture 1.2, we assume that the pair
(X,D) is a plt pair. Then, the same conclusion as in Conjecture 1.2 holds, that is, the
multiplication map induced by the tensor product with s
Hq(X,KX ⊗D ⊗ F ) ⊗s−→ Hq(X,KX ⊗D ⊗ Fm+1)
is injective for every q.
In particular, Conjecture 1.2 is affirmatively solved for a plt pair (X,D).
Remark 1.5. Let D be a simple normal crossing divisor on a smooth variety X and D =∑
i∈I Di be the irreducible decomposition of D. Then we have :
• (X,D) is called a plt pair if Di ∩Dj = ∅ for i 6= j.
• When (X,D) is a plt pair, the zero locus s−1(0) contains no lc centers of (X,D) if
and only if s−1(0) does not contain Di for every i ∈ I.
In order to explain the difficulties of Conjecture 1.2 and the proof of Theorem 1.3, we
recall klt singularities and multiplier ideal sheaves. The notion of multiplier ideal sheaves
plays an important role in the recent developments in algebraic geometry. The multiplier
ideal sheaf J (X,D), which is algebraically defined for a log pair (X,D), can be seen as a
“non-klt” ideal (see subsection 2.1). This is because the pair (X,D) has klt singularities
if and only if J (X,D) coincides with the structure sheaf OX . On the other hand, the
multiplier ideal sheaf can be analytically defined for singular hermitian metrics in terms of
the L2-integrability of holomorphic functions (see Definition 2.3). Thanks to the analytic
expression of multiplier ideal sheaves, we can treat klt singularities by using the L2-method.
Indeed, we have already proved various injectivity theorems with multiplier ideal sheaves,
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which can be seen as an injectivity theorem for klt singularities (see [Fuj15b] and [Mat15]
for the recent developments).
The notion of “non-lc” ideal sheaves has already introduced in [FST11] and [Fuj10].
However we have no analytic interpretations for non-lc ideal sheaves (see [Fuj10, Question
2.4]). Although we can apply the L2-method for klt pairs as mentioned above, the usual
L2-method does not work for lc pairs since lc singularities are worse than klt singularities.
This is one of the difficulties of Corollary 1.2. To overcome this difficulty, in the proof of
Theorem 1.3, we estimate the order of divergence of suitable L2-norms (that is, how far
from klt singularities). This argument may provide a new technique to treat lc singularities
from the analytic viewpoint.
For the proof of Theorem 1.3, we reduce Theorem 1.3 to the following theorem. In this
reduction step, we use the assumption that (X,D) is a plt pair. However, we emphasize
that we do not need this assumption in Theorem 1.6.
Theorem 1.6 (Key Result). Let D be a simple normal crossing divisor on a compact
Ka¨hler manifold X. Let F (resp. M) be a (holomorphic) line bundle on X with a smooth
hermitian metric hF (resp. hM) such that√−1ΘhM (M) ≥ 0 and
√−1(ΘhF (F )− tΘhM (M)) ≥ 0 for some t > 0.
We consider the map
ΦD : H
q(X,KX ⊗ F ) −→ Hq(X,KX ⊗D ⊗ F )
induced by the natural inclusion OX →֒ OX(D). Then, the multiplication map on the
image ImΦD induced by the tensor product with s
ImΦD
⊗s−−−−−→ Hq(X,KX ⊗D ⊗ F ⊗M)
is injective for every q.
In the proof of Theorem 1.6, the following theorem plays an important role. This
theorem is a refinement of the hard Lefschetz theorem with multiplier ideal sheaves proved
in [DPS01], which is independently of interest.
Theorem 1.7 (Hard Lefschetz Theorem). Let ω be a Ka¨hler form on a compact Ka¨hler
manifold X and (G, h) be a singular hermitian line bundle with semi-positive curvature.
Assume that the singular hermitian metric h is smooth on a non-empty Zariski open set
in X. Then, for a harmonic G-valued (n, q)-form u ∈ Hn,qh,ω(G) with respect to h and ω,
we have
∗u ∈ H0(X,Ωn−qX ⊗G⊗ I(h)),
where Ωn−qX is the vector bundle of holomorphic (n−q, 0)-forms, ∗ is the Hodge star operator
with respect to ω, and I(h) is the multiplier ideal sheaf of h. See Section 2 for the definition
of the set of harmonic forms Hn,qh,ω(G).
This paper is organized as follows : In Section 2, we summarize the fundamental results,
including singularities of pairs, multiplier ideal sheaves, the L2-method, and the theory of
harmonic integrals. We give a proof of Theorem 1.7 (resp. Theorem 1.6, Theorem 1.3) in
5subsection 3.1 (resp. subsection 3.2, subsection 3.3). In subsection 3.4, we discuss open
problems related to the contents of this paper.
Acknowledgements. The author wishes to express his gratitude to Professor Junyan
Cao for stimulating discussions, and he wishes to thank Professor Osamu Fujino for giving
useful comments. He is supported by the Grant-in-Aid for Young Scientists (B) ♯25800051
from JSPS.
2. Preliminaries
In this section, we fix the notations and summarize the facts needed in this paper.
2.1. Singularities of pairs and multiplier ideal sheaves. We first recall the notion
of singularities of pairs.
Definition 2.1 (Klt, plt, and lc singularities). Let (X,D) be a log pair (that is, a pair
of a normal variety X and an effective Q-divisor D on X such that KX +D is Q-Cartier,
where KX is the canonical divisor of X). For a log resolution ϕ : Y → X of (X,D), we
define the Q-divisor D′ by
KY +D
′ = ϕ∗(KX +D),
and we consider the irreducible decomposition of D′ =
∑
biEi. Then singularities of the
pair (X,D) is defined as follows :
• (X,D) is said to be kawamata log terminal (klt, for short) if bi < 1 for every i.
• (X,D) is said to be log canonical (lc, for short) if bi ≤ 1 for every i.
Note that the above definitions do not depend on the choice of log resolutions.
For an lc pair (X,D), if there exists a log resolution ϕ : Y → X of (X,D) such that
the exceptional set Exc(ϕ) is a divisor, that bi < 1 for every ϕ-exceptional divisor Ei, and
that ⌊D⌋ is a sum of disjoint prime divisors, then the pair (X,D) is said to be purely log
terminal (plt, for short). Here ⌊D⌋ denotes the divisor defined by the round-downs of the
coefficients of D.
In this paper, we consider only log smooth pairs, and thus the following example is
enough to follow the contents of this paper.
Example 2.2. Let (X,D) be a log smooth pair (that is, a pair of a smooth variety X and
an effective Q-divisor D on X with simple normal crossing support). Let D =
∑
biDi be
the irreducible decomposition. Then, by the definition, we can easily check the following
claims :
• The pair (X,D) is klt if and only if bi < 1 for every i.
• The pair (X,D) is plt if and only if ⌊D⌋ is a sum of disjoint prime divisors.
• The pair (X,D) is lc if and only if bi ≤ 1 for every i.
In general, for a log pair (X,D), the multiplier ideal sheaf J (X,D) ⊂ OX is defined by
J (X,D) := ϕ∗OY (−⌊ϕ∗D −KY/X⌋),
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where KY/X is the relative canonical divisor and ϕ : Y → X is a log resolution of (X,D).
We remark that the multiplier ideal sheaf J (X,D) does not depend on the choice of
log resolutions. Then the pair (X,D) is klt if and only if J (X,D) coincides with OX .
In this sense, multiplier ideal sheaves can be regarded as a non-klt ideal, and thus the
injectivity theorem with multiplier ideal sheaves (proved in [Mat13], [FM16]) can be seen
as an injectivity theorem for klt singularities. On the other hand, multiplier ideal sheaves
can be defined for singular hermitian metrics (see [Dem-b] for singular hermitian metrics
and curvatures).
Definition 2.3. (Multiplier ideal sheaves). Let G be a (holomorphic) line bundle on a
complex manifold X and h be a singular hermitian metric on G such that
√−1Θh(G) ≥ γ
for some smooth (1, 1)-form γ on X . Then multiplier ideal sheaf I(h) of h is defined to be
I(h)(B) := {f ∈ OX(B)
∣∣ |f |e−ϕ ∈ L2loc(B)}
for every open set B ⊂ X , where ϕ is a local weight of h.
Example 2.4. For an effective divisor D on a complex manifold X , let g be a smooth
hermitian metric on the line bundle D and t be the natural section of the effective divisor
D. Then the singular hermitian metric hD on the line bundle D can be defined by
ϕ :=
1
2
log(|t|2g) and hD := ge−2ϕ =
1
|t|2 ,
where |t|g is the point-wise norm of t with respect to g (see subsection 2.2). Note that the
singular hermitian metric hD does not depend on the choice of g. Then it is easy to see
that the multiplier ideal I(hD) of hD coincides with the multiplier ideal sheaf J (X,D) of
the pair (X,D). Moreover, when the support of D is simple normal crossing, we can easily
check I(hD) = OX(−⌊D⌋).
2.2. L2-spaces and differential operators. From now on, throughout Section 2, let X
be a (not necessarily compact) complex manifold of dimension n and G be a (holomorphic)
line bundle on X . Further let ω be a positive (1, 1)-form on X (which is assumed to be a
Ka¨hler form in the main part of this paper) and h be a singular hermitian metric on G.
We always assume that the curvature
√−1Θh(G) of h satisfies
√−1Θh(G) ≥ γ for some
smooth (1, 1)-form γ.
For G-valued (p, q)-forms u and v, the notation 〈u, v〉h,ω denotes the point-wise inner
product with respect to h and ω, and 〈u, v〉h,ω denotes the (global) inner product defined
by
〈u, v〉h,ω :=
∫
X
〈u, v〉h,ω dVω,
where dVω is the volume form defined by dVω := ω
n/n!. (Recall that n is the dimension of
X .) The L2-space of G-valued (p, q)-forms with respect to h and ω is defined by
Lp,q(2)(G)h,ω := L
p,q
(2)(X,G)h,ω := {u | u is a G-valued (p, q)-form with ‖u‖h,ω <∞}.
7Then the maximal closed extension of the ∂-operator determines a densely defined closed
operator ∂ : Lp,q(2)(G)h,ω → Lp,q+1(2) (G)h,ω with the domain
Dom ∂ := {u ∈ Lp,q(2)(G)h,ω | ∂u ∈ Lp,q+1(2) (G)h,ω}.
Strictly speaking, the closed operator ∂ depends on h and ω since the domain and the
range depend on them, but we often omit the subscript (for example, we simply write ∂h,ω
as ∂). In general, we have the orthogonal decomposition
Ln,q(2) (G)h,ω = Im ∂ ⊕Hn,qh,ω(G)⊕ Im ∂
∗
h,ω,
where ∂
∗
h,ω is the Hilbert space adjoint of ∂, the subspace Im ∂ (resp. Im ∂
∗
h,ω) is the range
of ∂ (resp. ∂
∗
h,ω), and the subspace Hn,qh,ω(G) is the set of harmonic forms with respect to h
and ω, that is,
Hn,qh,ω(G) := {u ∈ Ln,q(2) (G)h,ω | ∂u = 0 and ∂
∗
h,ωu = 0}.
For example, see [Dem-b, (1.2) Theorem] for the above orthogonal decomposition.
When h is smooth on X , the Chern connection D = D(G,h) can be determined by
the holomorphic structure of G and the smooth hermitian metric h, which can be writ-
ten as D = D′h + ∂ with the (1, 0)-connection D
′
h and the ∂-operator. The maximal
closed extension of the (1, 0)-connection D′h is also a densely defined closed operator
D′h : L
p,q
(2)(G)h,ω → Lp+1,q(2) (G)h,ω, whose domain is
DomD′h := {u ∈ Lp,q(2)(G)h,ω |D′hu ∈ Lp+1,q(2) (G)h,ω}.
We consider the Hodge star operator ∗ with respect to ω
∗ = ∗ω : Cp,q∞ (G)→ Cn−q,n−p∞ (G),
where Cp,q∞ (G) is the set of smooth G-valued (p, q)-forms on X . By the definition, we have
〈u, v〉h,ω dVω = u ∧ H∗v and ∗ ∗ u = (−1)deg uu, where H is a local function representing
h. In this paper, the notations D′∗h,ω and ∂
∗
h,ω denote the Hilbert space adjoint of D
′
h and
∂. If ω is complete, the Hilbert space adjoint coincides with the maximal closed extension
of the formal adjoint (for example, see [Dem-a, (8.2) Lemma]). In particular, when ω is
complete, we have
D′∗h,ω = − ∗ ∂ ∗ and ∂
∗
h,ω = − ∗D′h,ω ∗ .
The following proposition is obtained from the Bochner-Kodaira-Nakano identity and the
density lemma (see [DPS01] and [Dem-a, (1.2) Theorem]).
Proposition 2.5. Under the same situation as the first of subsection 2.2, we assume that
ω is a complete Ka¨hler form and h is smooth on X. Then we have the following identity :
[∂, ∂
∗
h,ω] = [D
′
h, D
′∗
h,ω] + [
√−1Θh(G),Λω],
where Λω is the adjoint operator of the wedge product ω∧•, and [•, •] is the graded bracket
defined by [A,B] = A− (−1)degA degBB.
8 SHIN-ICHI MATSUMURA
Moreover, for every u ∈ Dom ∂ ∩Dom ∂∗h,ω ⊂ Lp,q(2)(G)h,ω, we have
‖∂u‖2h,ω + ‖∂
∗
h,ωu‖2h,ω = ‖D′hu‖2h,ω + ‖D′∗h,ωu‖2h,ω + 〈
√−1Θh(G)Λωu, u〉h,ω.
For the proof of our results, it is important to use special characteristics of canonical
bundles (differential (n, q)-forms). By the following lemma, we can compare the norms of
(n, q)-forms and (p, 0)-forms with respect to different positive (1, 1)-forms. Lemma 2.6 is
obtained from straightforward computations, and thus we omit the proof.
Lemma 2.6. Let ω and ω˜ be positive (1, 1)-forms such that ω ≤ ω˜. Then we have the
following :
• There exists C > 0 such that |a ∧ b|ω ≤ C|a|ω|b|ω for differential forms a, b.
• The inequality |a|2ω˜ ≤ |a|2ω holds for a differential form a.
• The inequality |a|2ω˜ dVω˜ ≤ |a|2ω dVω holds for a (n, q)-form a.
• The inequality |a|2ω˜ dVω˜ ≥ |a|2ω dVω holds for a (p, 0)-form a.
• The equality |a|2ω˜ dVω˜ = |a|2ω dVω holds for a (n, 0)-form a.
2.3. De Rham-Weil isomorphisms. In this subsection, we explain facts on the De
Rham-Weil isomorphism from the ∂-cohomology to the Cˇech cohomology. The contents of
this subsection are essentially contained in [Fuj13a] and [Mat13], but we will summarize
them for the reader’s convenience.
Let ω be a Ka¨hler form on a compact Ka¨hler manifold X and h be a singular hermitian
metric on a (holomorphic) line bundle G such that
√−1Θh(G) ≥ −ω. Further let Z be a
proper subvariety on X and let ω˜ be a Ka¨hler form on the Zariski open set Y := X \ Z
with the following properties :
(B) ω˜ ≥ ω on Y = X \ Z.
(C) For every point p in X , there exists a “bounded” function Φ on an open neighbor-
hood of p in X such that ω˜ =
√−1∂∂Φ.
The important point is that ω˜ locally admits a “bounded” potential function on a neigh-
borhood of every point p in X (not Y ), which enables us to construct the De Rham-Weil
isomorphism.
As explained in subsection 2.2, for the L2-space of G-valued (n, q)-forms on Y with
respect to h and ω˜
Ln,q(2) (G)h,ω˜ := L
n,q
(2) (Y,G)h,ω˜ := {u | u is a G-valued (n, q)-form with ‖u‖h,ω˜ <∞},
we have the orthogonal decomposition
Ln,q(2) (G)h,ω˜ = Im ∂ ⊕Hn,qh,ω˜(G)⊕ Im ∂
∗
h,ω˜.
See subsection 2.2 for the set of harmonic forms Hn,qh,ω˜(G) with respect to h and ω˜. The
following proposition is proved by the observation on the De Rham-Weil isomorphism (see
[Mat13, Proposition 5.8] for the precise proof.)
Proposition 2.7 ([Mat13, Proposition 5.8]). Consider the same situation as above. That
is, we consider a Ka¨hler form ω on a compact Ka¨hler manifold X, a singular hermitian
9metric h on a (holomorphic) line bundle G such that
√−1Θh(G) ≥ −ω, and a Ka¨hler form
ω˜ on a Zariski open set Y with properties (B), (C). Then the ranges Im ∂ and Im ∂
∗
h,ω˜ are
closed subspaces in Ln,q(2) (G)h,ω˜. In particular, we have the orthogonal decomposition
Ln,q(2) (G)h,ω˜ = Im ∂ ⊕Hn,qh,ω˜(G)⊕ Im ∂
∗
h,ω˜.
We fix a finite open cover U := {Bi}i∈I of X by sufficiently small Stein open sets Bi. We
consider the set of q-cochains Cq(U , KX ⊗ G⊗ I(h)) with coefficients in KX ⊗ G ⊗ I(h)
calculated by U and the coboundary operator
δ : Cq(U , KX ⊗G⊗ I(h))→ Cq+1(U , KX ⊗G⊗ I(h)).
Then we have the isomorphism
Ker δ
Im δ
of Cq(U , KX ⊗G⊗ I(h)) ∼= Hˇq(X,KX ⊗G⊗ I(h))
since the open cover U is a Stein cover. By using suitable local solutions of the ∂-equation,
we can construct the De Rham-Weil isomorphism
fh,ω˜ :
Ker ∂
Im ∂
of Ln,q(2)(G)h,ω˜
∼=−−−−→Ker δ
Im δ
of Cq(U , KX ⊗G⊗ I(h)).
Then, by the construction of fh,ω˜ (see [Mat13, Proposition 5.5]), we can easily check the
following proposition
Proposition 2.8. Consider the same situation as in Proposition 2.7.
(1) Then the following diagram is commutative :
Hˇq(X,KX ⊗G⊗ I(h)) Hˇq(X,KX ⊗G⊗ I(h))
Ker ∂
Im ∂
of Ln,q(2) (G)h,ω
∼= fh,ω
OO
j1 // Ker ∂
Im ∂
of Ln,q(2) (G)h,ω˜,
∼= fh,ω˜
OO OO
where j1 is the map induced by the natural map L
n,q
(2)(G)h,ω → Ln,q(2) (G)h,ω˜.
(2) Let h′ be a singular hermitian metric on G such that
√−1Θh′(G) ≥ −ω and h′ ≥ h.
Then the following diagram is commutative :
Hˇq(X,KX ⊗G⊗ I(h′)) j // Hˇq(X,KX ⊗G⊗ I(h))
Ker ∂
Im ∂
of Ln,q(2) (G)h′,ω˜
∼= fh′,ω
OO
j2 // Ker ∂
Im ∂
of Ln,q(2)(G)h,ω˜,
∼= fh,ω˜
OO OO
where j2 is the map induced by the natural map L
n,q
(2) (G)h′,ω˜ → Ln,q(2) (G)h,ω˜ and j is the map
induced by I(h′) →֒ I(h).
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Remark 2.9. By property (B) and the third claim of Lemma 2.6, we have ‖u‖h,ω˜ ≤ ‖u‖h,ω
for an arbitrary G-valued (n, q)-form u. Therefore the natural map j1 is well-defined. By
the same way, we can easily check that j2 is well-defined from ‖u‖h,ω˜ ≤ ‖u‖h′,ω˜.
2.4. Weak convergence in Hilbert spaces. In this subsection, we summarize Lemma
2.10 and Lemma 2.11. See [FM16, Section 2] for the proof.
Lemma 2.10. Let L be a closed subspace in a Hilbert space H. Then L is closed with
respect to the weak topology of H, that is, if a sequence {wk}∞k=1 in L weakly converges to
w, then the weak limit w belongs to L.
Lemma 2.11. Let ϕ : H1 → H2 be a bounded operator (continuous linear map) between
Hilbert spaces H1 and H2. If {wk}∞k=1 weakly converges to w in H1, then {ϕ(wk)}∞k=1 weakly
converges to ϕ(w) in H2.
3. Proof of the main results
3.1. Proof of Theorem 1.7. Theorem 1.7 is a refinement of the hard Lefschetz theorem
with multiplier ideal sheaves and plays a crucial role in the proof of Theorem 1.3. In this
subsection, we give a proof of Theorem 1.7. We first show the following proposition, which
is needed for the proof of Theorem 1.7.
Proposition 3.1. Let ω be a Ka¨hler form on a compact Ka¨hler manifold X and (G, h) be
a singular hermitian line bundle with semi-positive curvature. Let ω˜ be a Ka¨hler form on
a non-empty Zariski open set Y with the following properties :
(B) ω˜ ≥ ω on Y .
(C) For every point p ∈ X, there exists a bounded function Φ on an open neighborhood
of p in X such that ω˜ =
√−1∂∂Φ.
Then, we have 〈u, w〉h,ω = 0 for any u ∈ Hn,qh,ω(G) and w ∈ Ln,q(2) (G)h,ω such that w ∈
Im ∂ ⊂ Ln,q(2)(G)h,ω˜.
Remark 3.2. By the assumption w ∈ Im ∂ ⊂ Ln,q(2) (G)h,ω˜, there exists v ∈ Ln,q−1(2) (G)h,ω˜ such
that w = ∂v. However, since the solution v may not belong to Ln,q−1(2) (G)h,ω, we can not
immediately conclude that w ∈ Im ∂ ⊂ Ln,q(2)(G)h,ω.
Proof. Note that we have w ∈ Ker ∂ ⊂ Ln,q(2) (G)h,ω by the assumption w ∈ Im ∂ ⊂
Ln,q(2) (G)h,ω˜. By applying Proposition 2.7 for ω, we obtain the orthogonal decomposition
Ln,q(2) (G)h,ω ⊃ Ker ∂ = Im ∂ ⊕Hn,qh,ω(G).
By this orthogonal decomposition, w can be decomposed as follows :
w = w1 + w2 for some w1 ∈ Im ∂ and w2 ∈ Hn,qh,ω(G) in Ln,q(2)(G)h,ω.
We will show that w2 is actually zero by the assumption w ∈ Im ∂ ⊂ Ln,q(2) (G)h,ω˜. Then we
obtain the conclusion 〈u, w〉h,ω = 0 since we have
〈u, w〉h,ω = 〈u, w2〉h,ω = 0 by u ∈ Hn,qh,ω(G) and w1 ∈ Im ∂ ⊂ Ln,q(2) (G)h,ω.
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To prove that w2 = 0, we consider the following composite map :
φ : Hn,qh,ω(G) −→
Ker ∂
Im ∂
of Ln,q(2) (G)h,ω
j1−→ Ker ∂
Im ∂
of Ln,q(2) (G)h,ω˜,
where j1 is the map induced by the natural map L
n,q
(2) (G)h,ω → Ln,q(2)(G)h,ω˜. The map φ is a
(well-defined) isomorphism by Proposition 2.7 and Proposition 2.8. It follows that
w1 ∈ Im ∂ ⊂ Ln,q(2) (G)h,ω ⊂ Im ∂ ⊂ Ln,q(2) (G)h,ω˜
from the third claim of Lemma 2.6 and property (B) of ω˜. Hence w2 = w−w1 also belongs
to Im ∂ ⊂ Ln,q(2) (G)h,ω˜ by the assumption w ∈ Im ∂ ⊂ Ln,q(2) (G)h,ω˜. In particular, this implies
that φ(w2) = 0. We obtain w2 = 0 since the map φ is an isomorphism. 
In the rest of this subsection, we prove Theorem 1.7.
Theorem 3.3 (=Theorem 1.7). Let ω be a Ka¨hler form on a compact Ka¨hler manifold X
and (G, h) be a singular hermitian line bundle with semi-positive curvature. Assume that
the singular hermitian metric h is smooth on a non-empty Zariski open set in X. Then,
for a harmonic G-valued (n, q)-form u ∈ Hn,qh,ω(G) with respect to h and ω, we have
∗u ∈ H0(X,Ωn−qX ⊗G⊗ I(h)),
where ∗ is the Hodge star operator with respect to ω.
Proof. Let Y be a non-empty Zariski open set in X such that h is smooth on Y . We first
take a complete Ka¨hler form ω˜ on Y with the following properties :
• ω˜ is a complete Ka¨hler form on Y .
• ω˜ ≥ ω on Y .
• For every point p ∈ X , there exists a bounded function Φ on an open neighborhood
of p in X such that ω =
√−1∂∂Φ.
See [Fuj12a, Section 3] for the construction of ω˜. For the Ka¨hler form ωδ on Y defined by
ωδ := ω + δω˜ for δ > 0,
it is easy to check the following properties :
(A) ωδ is a complete Ka¨hler form on Y for every δ > 0.
(B) ωδ2 ≥ ωδ1 ≥ ω on Y for δ2 ≥ δ1 > 0.
(C) For every point p ∈ X , there exists a bounded function Φδ on an open neighborhood
of p in X such that ωδ =
√−1∂∂Φδ.
Note that we can apply Proposition 2.5 for ωδ thanks to property (A). In the proof of
Theorem 1.7, we will omit the subscription h of the norm, the L2-space, and so on. For
example, we will use the notations
‖ • ‖ω := ‖ • ‖h,ω, ‖ • ‖ωδ := ‖ • ‖h,ωδ , and Ln,q(2) (G)ωδ := Ln,q(2) (G)h,ωδ .
It follows that
‖u‖ωδ ≤ ‖u‖ω <∞(3.1)
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from Lemma 2.6 and property (B). In particular u belongs to Ln,q(2) (G)ωδ for every δ > 0.
By the orthogonal decomposition (see Proposition 3.1)
Ln,q(2)(G)ωδ = Im ∂ ⊕Hn,qωδ (G) ⊕ Im ∂
∗
ωδ
,
the G-valued (n, q)-form u can be decomposed as follows :
u = wδ + uδ for some wδ ∈ Im ∂ and uδ ∈ Hn,qωδ (G) in Ln,q(2) (G)ωδ .
The strategy of the proof is as follows : In the first step, we check that uδ weakly converges
to some u0 in suitable L
2-spaces. In the second step, we show that the limit u0 actually
coincides with u by Proposition 3.1. In the third step, we prove that ∗δuδ ∈ H0(X,Ωn−qX ⊗
G⊗ I(h)) by the theory of harmonic integrals and ∗δuδ converges to ∗u0 = ∗u, where ∗δ
(resp. ∗) is the Hodge star operator with respect to ωδ (resp. ω).
We first check that uδ has a a suitable weak limit by the following proposition. Since we
use Cantor’s diagonal argument in the proof of Proposition 3.4, we need to handle only a
countable sequence {δ′}δ′>0.
Proposition 3.4. For a countable sequence {δ′}δ′>0 converging to zero, there exist a sub-
sequence {δν}∞ν=1 of {δ}δ>0 and u0 ∈ Ln,q(2) (G)ω with the following properties :
• For every δ′ > 0, as δν goes to 0,
uδν converges to u0 with respect to the weak topology in L
n,q
(2) (G)ωδ′ .
• ‖u0‖ω ≤ ‖u‖ω.
Remark 3.5. The subsequence {δν}∞ν=1 and the weak limit u0 do not depend on δ′. The
G-valued (n, q)-form uδν weakly converges to u0 in L
n,q
(2) (G)ωδ′ , but we do not know whether
uδν weakly converges to u0 in L
n,q
(2) (G)ω.
Proof. For a given δ′ > 0, the sequence {uδ}δ′≥δ>0 is bounded in Ln,q(2) (G)ωδ′ . Indeed, for
δ′ ≥ δ > 0, we obtain
‖uδ‖ωδ′ ≤ ‖uδ‖ωδ ≤ ‖u‖ωδ ≤ ‖u‖ω <∞.(3.2)
The first inequality follows from Lemma 2.6 and ωδ′ ≥ ωδ, the second inequality follows
since uδ is the orthogonal projection of u in L
n,q
(2) (G)ωδ , and the third inequality follows
from inequality (3.1). Hence there exists a subsequence {δν}∞ν=1 of {δ}δ>0 such that uδν
weakly converges to some u0,δ′ in L
n,q
(2) (G)ωδ′ , which may depend on δ
′. We can choose a
suitable subsequence independent of δ′ by Cantor’s diagonal argument, and thus we can
assume that this subsequence {δν}∞ν=1 is independent of δ′.
Now we show that the weak limit u0,δ′ is also independent of δ
′. For any δ1 ≥ δ2, the
natural inclusion Ln,q(2) (G)ωδ2 → L
n,q
(2) (G)ωδ1 is a bounded operator (continuous linear map)
by Lemma 2.6 and ωδ1 ≥ ωδ2 . By Lemma 2.11, we can see that uδν weakly converges to
u0,δ2 not only in L
n,q
(2)(G)ωδ2 but also in L
n,q
(2) (G)ωδ1 . Therefore it follows that u0,δ1 = u0,δ2
since uδν weakly converges to u0,δ1 in L
n,q
(2)(G)ωδ1 and the weak limit is uniquely determined.
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Finally we estimate the L2-norm of the weak limit u0. Fatou’s lemma yields
‖u0‖2ω =
∫
Y
|u0|2ω dVω ≤ lim inf
δ′→0
∫
Y
|u0|2ωδ′ dVωδ′ = lim infδ′→0 ‖u0‖
2
ωδ′
.
On the other hand, it is easy to see that
‖u0‖ωδ′ ≤ lim infδν→0 ‖uδν‖ωδ′ ≤ lim infδν→0 ‖uδν‖ωδν ≤ ‖u‖ω <∞.
The first inequality follows since the norm is lower semi-continuous with respect to the
weak convergence, the second inequality follows from Lemma 2.6 and ωδν ≤ ωδ′ , the third
inequality follows from inequality (3.2). These inequalities lead to the desired inequality
‖u0‖ω ≤ ‖u‖ω. 
For simplicity, we use the same notation {uδ}δ>0 for the subsequence {uδν}δν>0 chosen
in Proposition 3.4. The following proposition is obtained from Proposition 3.1.
Proposition 3.6. The weak limit u0 coincides with u.
Proof. We fix δ0 > 0 in the proof of Proposition 3.6. By Lemma 2.6, we can see that
Im ∂ in Ln,q(2)(G)ωδ ⊂ Im ∂ in Ln,q(2)(G)ωδ0
for an arbitrary δ with δ0 ≥ δ > 0. Hence, it follows that
u− uδ = wδ ∈ Im ∂ in Ln,q(2) (G)ωδ0
from the construction of uδ and wδ. The subspace Im ∂ is closed not only with respect
to the L2-topology but also with respect to the weak topology (see Proposition 2.7 and
Lemma 2.10). By taking the weak limit, we can conclude that
w0 := u− u0 = w- lim
δ→0
wδ ∈ Im ∂ in Ln,q(2) (G)ωδ0 .
Since the Ka¨hler form ωδ0 on Y satisfies properties (B) and (C), we have 〈u, w0〉ω = 0 by
Proposition 3.1, where w0 is the weak limit of wδ = u − uδ. Hence we obtain ‖u0‖2ω =
‖u‖2ω+ ‖w0‖2ω. This is a contradiction to the inequality ‖u0‖ω ≤ ‖u‖ω in Proposition 3.4 if
w0 is not zero. Therefore w0 is actually zero. We obtain the desired conclusion u = u0. 
From now on, we consider the Hodge star operator ∗δ with respect to ωδ and the G-
valued (n − q, 0)-form ∗δuδ. Note that ∗δuδ is a G-valued (n − q, 0)-form on Y (not X)
since the Ka¨hler form ωδ is defined only on Y . However, by the following proposition, we
can regard ∗δuδ as a holomorphic G-valued (n− q, 0)-form on X .
Proposition 3.7. The G-valued (n − q, 0)-form ∗δuδ can be extended to a holomorphic
G-valued (n− q, 0)-form on X (that is, ∂ ∗δ uδ = 0 on X). Moreover we have
‖ ∗δ uδ‖ω ≤ ‖u‖ω <∞.
In particular, we have
∗δuδ ∈ H0(X,Ωn−qX ⊗G⊗ I(h)).
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Proof. Let ∗δuδ =
∑
J fJdzJ be a local expression in terms of a local coordinate (z1, z2, . . . , zn),
where J is an ordered multi-index with degree (n− q). We will show that every coefficient
fJ is holomorphic on Y and can be extended to a holomorphic function on X .
Since ωδ is a complete Ka¨hler form on Y , we can apply Proposition 2.5 to uδ. Proposition
2.5 yields
0 = ‖∂uδ‖2ωδ + ‖∂
∗
δuδ‖2ωδ = ‖D′∗δ uδ‖2ωδ + 〈
√−1Θh(G)Λωδuδ, uδ〉ωδ .(3.3)
The first equality follows since uδ is harmonic with respect to ωδ. Here D
′∗
δ denotes the
Hilbert space adjoint of the (1, 0)-part of the Chern connection Dh = D
′
h + ∂ and Λωδ
denotes the adjoint operator of the wedge product ωδ ∧ •.
The second term of the right hand side is non-negative by the assumption
√−1Θh(G) ≥
0, and thus the first term and the second term must be zero. In particular we obtain
|D′∗δ uδ|ωδ = 0 by
0 = ‖D′∗δ uδ‖2ωδ =
∫
Y
|D′∗δ uδ|2ωδ dVωδ .
The Hilbert space adjoint coincides with the formal adjoint since ωδ is complete (see, for
example, [Dem-a, (3.2) Theorem in Chapter VIII]). Hence we have D′∗δ = − ∗δ ∂∗δ. It
follows that
0 ≡ |D′∗δ uδ|ωδ = | − ∗δ∂ ∗δ uδ|ωδ = |∂ ∗δ uδ|ωδ
since the Hodge star operator ∗δ preserves the point-wise norm | • |ωδ . Therefore the G-
valued (n − q, 0)-form ∗δuδ is ∂-closed on Y , that is, the coefficient fJ is a holomorphic
function on Y .
Now we show that the L2-norm of the coefficient fJ with respect to h is uniformly
bounded (that is,
∫ |fJ |2h dVω < C for some C > 0). The key point here is the following
inequality :
‖ ∗δ uδ‖ω ≤ ‖ ∗δ uδ‖ωδ = ‖uδ‖ωδ ≤ ‖u‖ω <∞.(3.4)
The first inequality follows from the fourth claim of Lemma 2.6 and ω ≤ ωδ, the second
inequality follows since ∗δ preserves the point-wise norm | • |ωδ , the third inequality follows
from inequality (3.2). On the other hand, there is a constant C ′ (independent of δ) such
that |fJ |2h ≤ C ′| ∗δ uδ|2ω. Indeed, by the first claim of Lemma 2.6, we can easily check that
|fJ |h inf(|dzJ ∧ dzJˆ ∧ dz|ω) ≤ |fJdzJ ∧ dzJˆ ∧ dz|h,ω
= | ∗δ uδ ∧ dzJˆ ∧ dz|h,ω
≤ C ′′| ∗δ uδ|ω sup(|dzJˆ ∧ dz|ω),
for some positive constant C ′′ (independent of δ), where Jˆ is the complementary index of
J . By combining with inequality (3.4), we obtain∫
|fJ |2h dVω ≤ C ′‖ ∗δ uδ‖2ω ≤ C ′‖u‖2ω
Therefore, by the Riemann extension theorem, the coefficient fJ can be extended to a
holomorphic function on X . 
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We put fδ := ∗δuδ and consider a local expression fδ = ∗δuδ =
∑
J fδ,JdzJ again. By the
proof of Proposition 3.7, we can see that the L2-norm of the coefficient fδ,J is uniformly
bounded with respect to δ. Hence, by Montel’s theorem, there exists a subsequence {δν}∞ν=1
of {δ}δ>0 such that fδν = ∗δνuδν uniformly converges to some f0, that is, the local sup-norm
sup |fδν ,J − f0,J | converges to zero, where f0,J is the coefficient of f0 =
∑
J f0,JdzJ . Then
the L2-norm ‖fδν − f0‖h,ω also converges to zero (for example see [Mat13, Lemma 5.2]).
In particular, the limit f0 satisfies f0 ∈ H0(X,Ωn−qX ⊗ G ⊗ I(h)). For simplicity we use
the same notation {fδ}δ>0 for this subsequence. Then we show that u0 (which is the weak
limit obtained in Proposition 3.4) coincides with (−1)n+q ∗ f0.
Proposition 3.8. The weak limit u0 coincides with (−1)n+q ∗ f0. In particular, we can
see that u = (−1)n+q ∗ f0 by Proposition 3.6.
Proof. For a contradiction, we assume that u0 6= (−1)n+q ∗ f0 in Ln,q(2) (G)ωδ′ . Since the
smooth G-valued (n, q)-forms with compact support in Y is dense in Ln,q(2) (G)ωδ′ , there
exists a smooth G-valued (n, q)-form η with compact support in Y such that 〈u0, η〉ωδ′ 6=〈(−1)n+q ∗ f0, η〉ωδ′ . Since uδ weakly converges to u0 in L
n,q
(2) (G)ωδ′ , we have 〈u0, η〉ωδ′ =
limδ→0 〈uδ, η〉ωδ′ . On the other hand, it follows that ∗δfδ uniformly converges ∗f0 on every
relatively compact set in Y since fδ uniformly converges f0 and ωδ uniformly converges ω
on every relative compact set in Y . Indeed, it is sufficient to consider (∗δfδ − ∗fδ) since
we have
∗δ fδ − ∗f0 = (∗δfδ − ∗fδ) + (∗fδ − ∗f0),
sup
X
| ∗ fδ − ∗f0|ω = sup
X
|fδ − f0|ω → 0.
For a relatively compact set K in Y and a given point x ∈ K, we take a local coordinate
(z1, z2, . . . , zn) centered at x ∈ K such that
ω =
√−1
2
n∑
i=1
dzi ∧ dzi and ω˜ =
√−1
2
n∑
i=1
λidzi ∧ dzi at x.
By K ⋐ Y , there exists a positive constant C such that 0 ≤ ω˜ ≤ Cω on K. In particular
we have 0 ≤ λi ≤ C. Note that the eigenvalues of ωδ with respect to ω are {(1 + δλi)}ni=1.
When fδ is locally written as fδ =
∑
J fδ,JdzJ , we can easily see that
| ∗δ fδ − ∗fδ|ω = |
∑
J
fδ,J(∗δdzJ − ∗dzJ)|ω
= |
∑
J
fδ,J sign(JJˆ)
{
Πi∈Jˆ(1 + δλi)− 1
}
dz(1,2,...,n) ∧ dzJˆ |ω
≤ δC ′
∑
J
sup
K
|fδ,J ||dz(1,2,...,n) ∧ dzJˆ |ω
for some constant C ′. The coefficient fδ,J is a holomorphic function, and thus the (local)
sup-norm supK |fδ,J | of fδ,J can be bounded by the L2-norm. Further the L2-norm of
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fδ,J is uniformly bounded with respect to δ (see Proposition 3.7). Therefore (∗δfδ − ∗fδ)
uniformly converges to zero on K ⋐ Y . Hence, by the definition of fδ = ∗δuδ, we obtain
〈(−1)n+q ∗ f0, η〉ωδ′ = limδ→0 〈(−1)
n+q ∗δ fδ, η〉ωδ′
= lim
δ→0
〈(−1)n+q ∗δ ∗δuδ, η〉ωδ′
= lim
δ→0
〈uδ, η〉ωδ′ .
This is a contradiction to 〈u0, η〉ωδ′ 6= 〈(−1)n+q ∗f0, η〉ωδ′ . Therefore we can conclude that
u0 = (−1)n+q ∗ f0 in Ln,q(2) (G)ωδ′ for every δ′ > 0. Then, by Fatou’s lemma, we can easily
see that
‖u0 − (−1)n+q ∗ f0‖ω ≤ lim inf
δ′→0
‖u0 − (−1)n+q ∗ f0‖ωδ′ = 0.

By f0 ∈ H0(X,Ωn−qX ⊗G⊗ I(h)), we obtain the desire conclusion
∗u = (−1)n+q ∗ ∗f0 = f0 ∈ H0(X,Ωn−qX ⊗G⊗ I(h))
in Proposition 1.7. This completes the proof. 
3.2. Proof of Theorem 1.6. In this subsection, we prove Theorem 1.6.
Theorem 3.9 (=Theorem 1.6). Let D be a simple normal crossing divisor on a compact
Ka¨hler manifold X. Let F (resp. M) be a (holomorphic) line bundle on X with a smooth
hermitian metric hF (resp. hM) such that√−1ΘhM (M) ≥ 0 and
√−1(ΘhF (F )− tΘhM (M)) ≥ 0 for some t > 0.
We consider the map
ΦD : H
q(X,KX ⊗ F ) −→ Hq(X,KX ⊗D ⊗ F )
induced by the natural inclusion OX →֒ OX(D). Then, the multiplication map on the
image ImΦD induced by the tensor product with s
ImΦD
⊗s−−−−−→ Hq(X,KX ⊗D ⊗ F ⊗M)
is injective for every q.
Proof. Let g be a smooth hermitian metric on the line bundle D and t be the natural
section of the effective divisor D. Then we define the smooth hermitian metric gε on the
line bundle D by
ϕε :=
1
2
log(|t|2g + ε) and gε := ge−2ϕε = g ·
( 1
|t|2g + ε
)
.
It is easy to see that
• gε2 ≤ gε1 for ε1 ≤ ε2,
• gε converges to g0 = hD in the point-wise sense as ε tends to zero,
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where hD is the singular metric defined by the effective divisor D (see Example 2.4).
We have I(g0) = I(hD) = OX(−D) since D is a simple normal crossing divisor. Let ω
be a Ka¨hler form on X , and let hF and hM be smooth hermitian metrics satisfying the
assumptions in Theorem 1.6. We often omit the subscripts ω, hF , and hM of the norm,
the L2-space, and so on. For example, we use the notations
Ln,q(2) (D ⊗ F )gε := Ln,q(2) (D ⊗ F )gεhF ,ω and Hn,qg0 (D ⊗ F ) := Hn,qg0hF ,ω(D ⊗ F ).
We first consider the following commutative diagram :
Hq(X,KX ⊗D ⊗ F ⊗ I(g0)) = Hq(X,KX ⊗ F ) ΦD // Hq(X,KX ⊗D ⊗ F )
Ker ∂
Im ∂
of Ln,q(2)(D ⊗ F )g0
∼= f0
OO
Ker ∂
Im ∂
of Ln,q(2) (D ⊗ F )gε
∼= fε
OOOO
Hn,qg0 (D ⊗ F ).
∼= j
OO
φ
33
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
Here f0 and fε are the De Rham-Weil isomorphisms given in subsection 2.3 and j (resp.
φ) is the map induced by the natural inclusion Hn,qg0 (D ⊗ F ) →֒ Ker ∂ ⊂ Ln,q(2) (D ⊗ F )g0
(resp. Hn,qg0 (D ⊗ F ) →֒ Ker ∂ ⊂ Ln,q(2) (D ⊗ F )gε). For a cohomology class α such that
α ∈ ImΦD ⊂ Hq(X,KX ⊗D ⊗ F ), we assume that sα = 0 ∈ Hq(X,KX ⊗D ⊗ F ⊗M).
Our goal is to show that the cohomology class α is actually zero under this assumption. By
α ∈ ImΦD, there exists a cohomology class β ∈ Hq(X,KX ⊗F ) such that ΦD(β) = α. By
the above isomorphisms, the cohomology class β can be represented by the harmonic form
u1 ∈ Hn,qg0 (D ⊗ F ) (that is, β = {u1}). Since Hn,qg0 (D ⊗ F ) is a finite dimensional vector
space with the inner product 〈•, •〉g0 := 〈•, •〉g0hF ,ω, we have the orthogonal decomposition
Hn,qg0 (D ⊗ F ) = Kerφ⊕ (Kerφ)⊥.(3.5)
From this orthogonal decomposition, the harmonic form u1 can be decomposed as follows :
u1 = u2 + u for some u2 ∈ Kerφ and u ∈ (Kerφ)⊥.
Then it is easy to see that
ΦD({u}) = ΦD({u2 + u}) = ΦD(β) = α.
Note that {u2+ u} is equal to β, but it is not necessarily equal to {u}. We can see that if
we can prove u = 0, we obtain α = 0 (the desired conclusion of Theorem 1.6). Hence our
goal is to show u = 0.
By the assumption
√−1ΘhF (F ) ≥ 0, the line bundle G = D ⊗ F and the singular
hermitian metric h = g0hF satisfy the assumptions in Theorem 1.7. By applying Theorem
1.7 for u, we obtain
∗u ∈ H0(X,Ωn−qX ⊗D ⊗ F ⊗ I(g0)).(3.6)
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In particular ∗u is smooth on X . Although u is a priori D ⊗ F -valued (n, q)-form on
Y := X \ SuppD (not X), it follows that u = (−1)n+q ∗ ∗u is smooth on X from (3.6).
Remark 3.10. (1) It seems to be difficult to show that u is smooth on X without using
Theorem 1.7, since g0 is a singular hermitian metric and ω is not complete on Y .
(2) Note that we have I(g0) = O(−D) since D is a simple normal crossing divisor. There-
fore ∗u/t is a holomorphic F -valued (n− q, 0)-form. In particular ∗u/t is still smooth on
X , which plays a crucial role later.
By the standard De Rham-Weil isomorphism, we have
ΦD({su}) = sα = 0 ∈ Hq(X,KX ⊗D ⊗ F ⊗M) ∼= Ker ∂
Im ∂
of Cn,q∞ (D ⊗ F ⊗M),
where Cn,q∞ (D⊗F ⊗M) is the set of smooth D⊗F ⊗M-valued (n, q)-forms on X . Hence,
by the assumption sα = 0, we can take a smooth D⊗F ⊗M-valued (n, q−1)-form v such
that su = ∂v. The bounded Lebesgue convergence theorem yields
‖su‖2g0 = limε→0
∫
Y
|su|2gε dVω = limε→0 〈su, su〉gε
since |su|2gε ≤ |su|2g0 and |su|2g0 is integrable. Therefore, from Cauchy-Schwartz’s inequality,
we obtain
‖su‖2g0 = limε→0 〈su, su〉gε = limε→0 〈su, ∂v〉 gε ≤ limε→0 ‖∂
∗
gεsu‖gε‖v‖gε.(3.7)
The strategy of the proof of Theorem 1.6 is as follows : We will show that ‖v‖gε =
O(− log ε) and ‖∂∗gεsu‖gε = O(ε(− log ε)). Then, from inequality (3.7), we obtain ‖su‖2g0 =
0 (that is, su = 0). This completes the proof.
We first check the following lemma.
Lemma 3.11. Let (z1, z2, . . . , zn) be the standard coordinate of C
n and B be an open ball
containing the origin. Then, for every 1 ≤ k ≤ n, we have∫
B
1
ε+ |z1z2 · · · zk|2 = O(− log ε).
Proof. By the variable change zi = rie
√−1θi , the problem can be reduced to showing∫
0≤r1≤1
∫
0≤r2≤1
. . .
∫
0≤rk≤1
r1r2 · · · rk
ε+ |r1r2 · · · rk|2dr1dr2 · · · drk = O(− log ε).
Further, by using the polar coordinate, we can obtain the conclusion from the following
computation : ∫
0≤R≤1
R2k−1
ε+R2k
dR =
1
2k
(log(ε+ 1)− log ε).

By Lemma 3.11, we can easily obtain the following proposition. In the proof of the
following proposition, we essentially use the fact that v is smooth on X .
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Proposition 3.12. ‖v‖gε = O(− log ε).
Proof. By the definition of gε, we can see that
‖v‖2gε =
∫
X
|v|2g
1
ε+ |t|2g
dVω ≤ sup
X
|v|2g
∫
X
1
ε+ |t|2g
dVω.
It follows that supX |v|2g is finite since v and g are smooth on X . Since D = div t is a
simple normal crossing divisor, we can obtain the conclusion by Lemma 3.11. 
It remains to show that
‖∂∗gεsu‖gε = O(ε(− log ε)).
By applying Proposition 2.5 for su, gε, and ω, we obtain
‖∂∗gεsu‖2gε = ‖D′∗gεsu‖2gε + 〈
√−1ΘgεhFhM (D ⊗ F ⊗M)Λsu, su〉gε ,(3.8)
where D′∗gε (resp. ∂
∗
gε) is the Hilbert space adjoint of the (1, 0)-part D
′
gε (resp. the (0, 1)-
part ∂) of the Chern connection Dgε = D
′
gε +∂, and Λ is the adjoint operator of the wedge
product ω ∧ •. Here we used that ∂su = s∂u = 0.
We consider the first term ‖D′∗gεsu‖gε of the right hand side of (3.8). It follows that
D′∗gε = − ∗ ∂∗ since X is compact and ω is defined on X . We have ∂ ∗ u = 0 by (3.6) (see
Theorem 1.7), and thus we obtain
D′∗gεsu = − ∗ ∂ ∗ su = − ∗ ∂s ∗ u = − ∗ s∂ ∗ u = 0.(3.9)
In particular we can see ‖D′∗gεsu‖gε = 0.
The problem is the second term of the right hand side of (3.8). We can obtain
√−1Θgε(D) = ε
1
|t|2g + ε
√−1Θg(D) + ε
D′gt ∧D′gt
(|t|2g + ε)2
,
where D′g is the (1, 0)-part of the Chern connection Dg. The above equality follows from
simple computations, but we will check it for reader’s convenience. By the definition of gε
and the Chern connection, we have
√−1Θgε(D)
=
√−1Θg(D) +
√−1∂∂ log(|t|2g + ε)
=
√−1Θg(D) + −
√−1
(|t|2g + ε)2
〈D′gt, t〉g ∧ 〈t, D′gt〉g +
√−1
|t|2g + ε
(
〈D′gt, D′gt〉g + 〈t, ∂D′gt〉g
)
.
Further, by easy computations, we have
〈D′gt, t〉g ∧ 〈t, D′gt〉g = 〈D′gt, D′gt〉g|t|2g and
√−1〈t, ∂D′gt〉g = −
√−1Θg(D)|t|2g.
These equalities lead to the desired equality.
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Now we compute the negativity of the curvature
√−1Θgε(D). By the above equality,
we have
√−1Θgε(D) ≥ ε
1
|t|2g + ε
√−1Θg(D).
On the other hand, there exists a positive constant C such that
√−1Θg(D) ≥ −Cω on X
since X is compact and g is smooth on X . For the positive (1, 1)-form Aε defined by
Aε := ε
C
|t|2g + ε
ω ≥ 0,
we have √−1Θgε(D) + Aε ≥ 0.
Then we can see that
〈√−1ΘgεhF hM (D ⊗ F ⊗M)Λsu, su〉gε
≤〈(√−1ΘgεhF hM (D ⊗ F ⊗M) + Aε)Λsu, su〉gε
≤ sup
X
|s|2hM 〈(
√−1ΘgεhFhM (D ⊗ F ⊗M) + Aε)Λu, u〉gε
≤ sup
X
|s|2hM 〈(
√−1ΘgεhFhM (D ⊗ F ⊗M) + Aε)Λu, u〉g0 .
The first inequality is obtained from Aε ≥ 0, the second inequality is obtained from√−1Θgε(D) + Aε ≥ 0, and the third inequality is obtained from gε ≤ g0. Further, by the
assumption
√−1ΘhF (F ) ≥ t
√−1ΘhM (M), we can see that
√−1ΘgεhFhM (D ⊗ F ⊗M) + Aε ≤
√−1Θgε(D) + Aε + (1 +
1
t
)
√−1ΘhF (F )
≤ (1 + 1
t
)(
√−1Θgε(D) + Aε +
√−1ΘhF (F )).
Here we used
√−1Θgε(D) +Aε ≥ 0 to obtain the second inequality. In summary, we have
〈√−1ΘgεhF hM (D ⊗ F ⊗M)Λsu, su〉gε
≤ sup
X
|s|2hM (1 +
1
t
) 〈(√−1Θgε(D) + Aε +
√−1ΘhF (F ))Λu, u〉g0 .
For the proof of Theorem 1.6, it is sufficient to estimate the order of the right hand side.
Proposition 3.13 (cf. [Tak97, Proposition 3.8]). Under the above situation, we have
〈(√−1Θgε(D) +
√−1ΘhF (F ))Λu, u〉g0 = 0.
Proof. For simplicity, we put
w :=
√−1ΘgεhF (D ⊗ F )Λu = (
√−1Θgε(D) +
√−1ΘhF (F ))Λu.
Then it follows that w ∈ Ln,q(2) (D ⊗ F )g0 since the metric gεhF is smooth on X and u ∈
Ln,q(2) (D⊗F )g0. Indeed, there is a positive constant C such that−Cω ≤
√−1ΘgεhF (D⊗F ) ≤
Cω. Then we have |w|g0 ≤ Cq|u|g0, and thus we can see that w ∈ Ln,q(2) (D ⊗ F )g0 by
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u ∈ Ln,q(2) (D⊗F )g0. Further, by u ∈ Hn,qg0 (D⊗F ) and (3.9), we have ∂u = 0 and D′∗gεu = 0.
Therefore we obtain
∂ ∂
∗
gεu =
√−1ΘgεhF (D ⊗ F )Λu = w
from Proposition 2.5. In particular, we can see that w ∈ Ker ∂ ⊂ Ln,q(2) (D ⊗ F )g0.
By (3.5), we have the orthogonal decomposition
Ker ∂ = Im ∂ ⊕Kerφ⊕ (Kerφ)⊥ in Ln,q(2) (D ⊗ F )g0,
and thus w can be decomposed as follows :
w = w1 + w2 + w3 for some w1 ∈ Im ∂, w2 ∈ Kerφ, and w3 ∈ (Kerφ)⊥.
Since we have u ∈ (Kerφ)⊥ by the construction of u, we obtain 〈w, u〉g0 = 〈w3, u〉g0. It is
sufficient for the proof to show that w3 is zero. It follows that ∂
∗
gεu ∈ Ln,q(2) (D ⊗ F )gε since
∂
∗
gεu is smooth on X . (Note that we do not know whether ∂
∗
gεu ∈ Ln,q(2) (D ⊗ F )g0.) By
combining with ∂ ∂
∗
gεu = w, we can conclude that
w2 + w3 = w − w1 ∈ Im ∂ ⊂ Ln,q(2) (D ⊗ F )gε,
and thus we obtain w2 + w3 = w − w1 ∈ Kerφ. In particular we can see w3 = 0. This
completes the proof. 
Finally we prove the following proposition.
Proposition 3.14. Under the above situation, we have
〈AεΛu, u〉g0 = O(ε(− log ε)).
Proof. By Remark 3.10 (which is obtained from Theorem 1.7), we see that |u|g0 is a bounded
function on X . By the definition of Aε, we can easily see that
〈AεΛu, u〉g0 = ε
∫
Y
Cq
|t|2g + ε
|u|2g0 dVω ≤ ε sup
X
|u|2g0
∫
Y
Cq
|t|2g + ε
dVω.
By Lemma 3.11, we obtain the conclusion. 
Remark 3.15. The integral in Lemma 3.11 naturally appears when we prove Proposition
3.12 and Proposition 3.14, but the reasons why the integral appears are different. The
integral in Proposition 3.12 comes from the definition of gε. On the other hand, the same
integral comes from the curvature of gε when we prove Proposition 3.14.
By Proposition 3.12, Proposition 3.14, and inequality (3.7), we complete the proof of
Theorem 1.6. 
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3.3. Proof of Theorem 1.3. In this subsection, we prove that Theorem 1.6 leads to
Theorem 1.3. In particular, Conjecture 1.2 is affirmatively solved for plt pairs (see Corollary
1.4).
Theorem 3.16 (=Theorem 1.3). Let D be a simple normal crossing divisor on a compact
Ka¨hler manifold X. Let F (resp. M) be a (holomorphic) line bundle on X with a smooth
hermitian metric hF (resp. hM) such that√−1ΘhM (M) ≥ 0 and
√−1(ΘhF (F )− tΘhM (M)) ≥ 0 for some t > 0.
We assume that the pair (X,D) is a plt pair. Let s be a (holomorphic) section of M
such that the zero locus s−1(0) contains no lc centers of the lc pair (X,D). Then, the
multiplication map induced by the tensor product with s
Hq(X,KX ⊗D ⊗ F ) ⊗s−→ Hq(X,KX ⊗D ⊗ F ⊗M)
is injective for every q.
Proof. Let D =
∑
i∈I Di be the irreducible decomposition of D. We remark that Di∩Dj =
∅ for i 6= j since (X,D) is a plt pair. For every i ∈ I, we consider the long exact sequence
induced by the standard short exact sequence :
 
Hq(X,OX(KX ⊗ F ⊗ Dˆi))
ΦDi

⊗s // Hq(X,OX(KX ⊗ F ⊗ Dˆi ⊗M))

Hq(X,OX(KX ⊗D ⊗ F ))
ri

⊗s // Hq(X,OX(KX ⊗D ⊗ F ⊗M))

Hq(Di,ODi(KDi ⊗ F ⊗ Dˆi))

fi:=⊗s|Di// Hq(Di,ODi(KDi ⊗ F ⊗ Dˆi ⊗M))

(3.10)
Here Dˆi is the divisor defined by Dˆi :=
∑
k∈I,k 6=iDk and fi is the multiplication map
induced by the tensor product with the restriction s|Di of s to Di. Further ΦDi is the map
induced by the natural inclusionOX →֒ OX(Di) and ri is the map induced by the restriction
map OX → ODi . Note that we used the adjunction formula ODi(KX ⊗Di) = ODi(KDi).
Remark 3.17. By the assumption Di ∩ Dj = ∅, we actually have ODi(KDi ⊗ F ⊗ Dˆi) =
ODi(KDi ⊗ F ), but we used the notation ODi(KDi ⊗ F ⊗ Dˆi) for Observation 3.21.
Let α be a cohomology class inHq(X,OX(KX⊗D⊗F )) such that sα = 0 ∈ Hq(X,OX(KX⊗
D ⊗ F ⊗M)). The above commutative diagram implies that fi(ri(α)) = 0. Note that we
have ODi(KDi ⊗F ⊗ Dˆi) = ODi(KDi ⊗F ) by the assumption Di ∩Dj = ∅. The restriction
ODi(F ) is a semi-positive line bundle on Di since F is semi-positive, and further the re-
striction s|Di is non-zero since the zero locus s−1(0) does not contain Di by the assumption.
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In particular ODi(F ) and s|Di satisfy the assumptions of Enoki’s injectivity theorem, and
thus the multiplication map fi is injective. Therefore we obtain ri(α) = 0 for every i ∈ I.
We have the following exact sequence :
· · · → Hq(X,KX ⊗ F ) ΦD−−→ Hq(X,KX ⊗D ⊗ F ) rD−→ Hq(X,OD(KX ⊗D ⊗ F ))→ · · · ,
where rD is the map induced by the restriction map OX → OD. On the other hand, we
have
Hq(X,OD(KX ⊗D ⊗ F )) =
⊕
i∈I
Hq(X,ODi(KDi ⊗ F ))
by the assumption Di ∩Dj = ∅. Then we can easily check rD(α) = 0 by the above exact
sequence since we have ri(α) = 0 for every i ∈ I. Therefore Theorem 1.6 leads to the
desire conclusion α = 0 of Theorem 1.3. 
Corollary 1.4 is easily obtained from Theorem 1.3. Indeed, the hermitian line bun-
dle (M,hM ) := (F
m, hmF ) satisfies the assumption
√−1ΘhF (F ) ≥ (1/m)
√−1ΘhM (M) in
Theorem 1.3.
3.4. Open problems related to Conjecture 1.2. In this subsection, we give several
open problems related to Conjecture 1.2.
We first consider a generalization of Theorem 1.7. For Conjecture 1.2, our formulation of
Theorem 1.7 seems to be enough, but it is an interesting problem to remove the technical
assumption in Theorem 1.7.
Problem 3.18. Consider the same situation as in Theorem 1.7. Then can we remove the
assumption that h is smooth on a non-empty Zariski open set?
In [DPS01], it has been shown that the map defined by the wedge product ωq ∧ •
H0(X,Ωn−qX ⊗G⊗ I(h)) ω
q∧•−−−−→ Hq(X,KX ⊗G⊗ I(h))
is surjective without the assumption that h is smooth on a non-empty Zariski open set.
We remark that Problem 3.18 leads to the above result. Problem 3.18 can be seen as a
refinement of [DPS01, Theorem 0.1].
The following problem may give a strategy to solve Conjecture 1.2.
Problem 3.19. Let D be a simple normal crossing divisor on a compact Ka¨hler manifold
X and F be a semi-positive line bundle on X. Let s be a (holomorphic) section of OD(Fm)
restricted to the (possibly non-irreducible) variety D. Then, is the following multiplication
map injective?
Hq(D,OD(KX ⊗D ⊗ F )) ⊗s−→ Hq(D,OD(KX ⊗D ⊗ Fm+1)).
Remark 3.20. When X is a smooth projective variety and F is a semi-ample line bundle
on X , Problem 3.19 has already proved. By Theorem 1.6 and the proof of Theorem 1.3,
we can see that if Problem 3.19 is affirmatively solved, we can prove Conjecture 3.19.
Finally, in order to clarify what is needed for Conjecture 1.2, we attempt to prove
Conjecture 1.2 by the induction on n = dimX .
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Observation 3.21 (Observation for Conjecture 1.2). In the case D = 0, Conjecture 1.2
is the same as Enoki’s injectivity theorem, and thus we may assume that D 6= 0. When n
is one, the conclusion of Conjecture 1.2 is obvious since D ⊗ F is ample. Hence we may
assume that Conjecture 1.2 holds for compact Ka¨hler manifolds of dimension (n− 1).
We consider the commutative diagram (3.10) in the proof of Theorem 1.3. We remark
that the pair (Di, Dˆi) is an lc pair. Since the zero locus s
−1(0) contains no lc centers of
(X,D), we can show that the restriction s|Di contains no lc centers of (Di, Dˆi). Further
the restriction ODi(F ) is a semi-positive line bundle on Di. Therefore the multiplication
map fi in (3.10) is injective by the induction hypothesis.
For a cohomology class α inHq(X,OX(KX⊗D⊗F )) such that sα = 0 ∈ Hq(X,OX(KX⊗
D ⊗ F ⊗M)), we have fi(ri(α)) = 0. Then it follows that ri(α) = 0 for every i ∈ I since
fi is injective. In the case of plt pairs, we have Di ∩Dj = ∅ for i 6= j. Then we can obtain
rD(α) = 0 from ri(α) = 0 (see the proof of Theorem 1.3). If we can show that rD(α) = 0
in the case of lc pairs, Conjecture 1.2 is affirmatively solved by Theorem 1.6. However we
do not know whether we can conclude rD(α) = 0 from ri(α) = 0 in this case.
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